We develop series expansions for the ground state properties of the Hubbard model, by introducing an Ising anisotropy into the Hamiltonian. For the two-dimensional (2D) square lattice half-filled Hubbard model, the ground state energy, local moment, sublattice magnetization, uniform magnetic susceptibility and spin stiffness are calculated as a function of U/t, where U is the Coulomb constant and t is the hopping parameter. Magnetic susceptibility data indicate a crossover around U ≈ 4 between spin density wave antiferromagnetism and Heisenberg antiferromagnetism. Comparisons with Monte Carlo simulations, RPA result and mean field solutions are also made.
I. INTRODUTION
Low temperature properties of strongly correlated electron systems have been studied extensively over the past few decades. The Hubbard model is one of the simplest models of interacting electrons, which is believed to capture the main features of electron correlations in condensed matter systems. The model is best understood at half filling, where it exhibits the Mott-Hubbard phenomena, namely the existence of insulating behavior accompanied by magnetic order in a half-filled band of electrons. Recent discovery of high-T c superconductivity in doped antiferromagnets (copper oxides) has led Anderson [1] to suggest that superconductivity in these materials is closely related to the physics of strong correlations 
where, as usual, c + iσ and c iσ are the creation and annihilation operators for electrons with a z−component of spin σ at lattice site i, and n i,σ = c + iσ c iσ . U is the on site repulsive interaction, µ the chemical potential, and t the nearest-neighbor hopping amplitude. The sum < i, j > is over all pairs of nearest neighbor lattice sites.
In spite of its apparent simplicity, the Hubbard model is exactly soluble only in onedimension [3] . In two-dimensions, relevant to the high-T c materials, this model has been studied by a variety of approximate methods. These include finite size diagonalization [2] , mean-field theory [4] , Green's-function decoupling schemes [5] , variational approaches [6] , the random phase approximation (RPA) [7] , high temperature series expansion [8] and quantum
Monte Carlo simulations [9] [10] [11] . Despite these efforts some of the very basic features of this model, such as its phase diagram in the space of temperature, density and U/t are not fully known. The numerical studies do provide a consistent picture for the magnetically ordered zero temperature phase at half-filling. However, away from half-filling the possibility of long range incommensurate magnetic order and superconductivity remain open.
In this paper we develop a series expansion method for studying the Hubbard 
II. ISING EXPANSION FOR THE HUBBARD MODEL
In order to develop series expansion for the Hubbard model, we need to introduce an
Ising anisotropy into the Hubbard Hamiltonian:
where σ z i = (n i↑ − n i↓ ) is the z component of the spin at site i. The particle-hole symmetry ensures half-filling. The function f (λ) needs to be chosen such that f (0 ≤ λ < 1) > 0, and f (1) = 0. For λ = 0 the atomic limit of the Hubbard model is highly degenerate, however the Ising term selects from these the Néel states as the two degenerate ground states. Futhermore, this term also introduces a gap in the spectrum at λ = 0. For λ = 1 the Ising anisotropy goes to zero and the conventional Hubbard Hamiltonian is recovered .
Ground state properties of the model for λ = 1 can be obtained by an expansion in powers of λ. If the gap does not close before λ = 1 as expected for this model, we can obtain
properties of the Hubbard model by extrapolating the expansions to λ = 1.
We choose the function f (λ) to have the form
where J is a constant which can be tuned to improve the convergence of the extrapolations.
In the strong coupling limit, the half-filled Hubbard model is equivalent to an antiferromagnetic Heisenberg model with Hamiltonian:
where < i, j > denotes nearest neighbors and J H = t 2 /U. If we choose J in Eq.(3) to be much large than J H we find that the expansion coefficients become very large and oscillate rapidly, making extrapolations very difficult. On the other hand, if J is much smaller than J H , the expansion coefficients become very small and a large number of terms will be needed to extrapolate to λ = 1. The optimum value of J is around J H .
In order to employ series expansion techniques, we write the Hamiltonian in Eq.(2) as
where unperturbed part of Hamiltonian H 0 is defined as
and the perturbation H ′ is
Throughout this paper, we take t = 1 as the energy unit. U and J are two interaction parameters. The parameter λ simply allows us to extrapolate from the Ising model to the half-filled Hubbard model.
III. GROUND STATE PROPERTIES
The ground state energy E g is defined as
where | ψ g (λ) > is the ground state.
The sublattice magnetization M + is defined as
where N is the number of lattice sites, ǫ(i) set to be +1 on one sublattice and −1 on the other, and the angular brackets refer to ground state expectation values.
The squared local moment L is defined via the relation
The expansion coefficients for E g , L, and 2M + to 11th order in λ are listed in tables I-III.
We find that properties which are not sensitive to long range order, such as ground state energy E g and local moment L can be easily obtained to high accuracy with the simplest extrapolations. Padé approximants [12] to the function under consideration may be formed Monte Carlo simulations show that local moment L increases rapidly as U increases (concave function) while ours indicate a relatively slow growth (convex function ) at small U region, as shown in Fig. 3 . We would naively expect the series extrapolation to be better at large U, and not so well at small U. However, as we now show, our results are rather close to the weak coupling results at small U, which suggest that our convergence is reasonable for all
U.
Within the Hartree-Fock approximation, we can derive a simple relationship between local moment and sublattice magnetization. The local moment is
where
Substituting Eq. (12) into Eq. (11) we have
The mean field solution for the sublattice magnetization is [7, 15] 
where ∆ can be obtained by solving the gap equation
N is the total number of sites and ǫ(k) = −2t (cos k x + cos k y ). The local moment given by numerical solution of the gap equation is plotted in Fig. 2 , a dashed line. One can see that the function L(U) has a convex shape at small U which agrees with our conclusion. At U = 1, our result (L = 0.54) agrees with the slave-boson mean field result (L ≈ 0.53) [14] The extrapolation of sublattice magnetization M + appears much harder. In the 2D spin-
square lattice Heisenberg antiferromagnet, the sublattice magnetization (2M + ) is estimated by expansions around the Ising limit. In order to extrapolate the 2M + series reliably, one has to remove the singularity of the form
caused by Goldstone modes [16] , where J ⊥ is the exchange perpendicular to the direction of ordering and J the exchange along it. One way of doing this is to go a new variable δ given by [17] 1
We expect to have the same situation for the sublattice magnetization 2M + in the 2D
Hubbard model because it is equivalent to the Heisenberg model at large U. Here we set a new varible δ to be
where δ = 1 at λ = 1. Then the series for the sublattice magnetization 2M + becomes Heisenberg model. The quantum zero-point spin wave fluctuations reduce the sublattice magnetization of 2M + from the classical value of unity to about 2M + = 0.6 as first obtained by Anderson [18] . This is also supported by Monte Carlo simulations [19] and series expansion studies [16] . At U = 20, we estimate 2M + = 0.61 which is close to the value Also, we compare our results with the mean field solutions and the RPA calculations.
The sublattice magnetization given by numerical solution of the gap equation is plotted in Fig. 3 , as a long dashed line. At large U, the mean field solution gives 2M + = 1, which is far from the true value (2M + = 0.6) of the Heisenberg model because of the neglect of the quantum fluctuations. In order to take into account the fluctuation effects on the sublattice magnetization, one simply has to calculate the self-energy correction to the one particle Green's function as done by Schrieffer, Wen and Zhang [7] in random phase approximation.
Their RPA result is plotted in Fig. 3 by a dotted line. Clearly, the RPA result brings the mean field result much closer to our numerical estimates.
We note again that the purpose of introducing the Ising anisotropy J(1 − λ)σ 
This form of f (λ) leads to an expansion in powers of λ 2 . This allows one to treat the J term generated by the perturbation in the Hubbard model and the Ising term introduced by hand on an equal footing. However, it has the disadvantage that the number of series coefficients available for extrapolation is reduced by half. The resulting extrapolations at λ = 1 are consistent with those obtained earlier.
IV. MAGNETIC SUSCEPTIBILITY
We now discuss the behavior of the uniform magnetic susceptibility of the 2D Hubbard model from the series expansions. We turn on the magnetic field and add a Zeeman interaction into the 2D Hubbard Hamiltonian:
where h is magnetic field and 
The expansion coefficients of 4χ ⊥ to 9th order in λ are given in Table IV. At half-filling, 2D Hubbard model has antiferromagnetic long range order. One can see that χ ⊥ series is dominated by a simple pole at λ = −1. We need to remove this singularity before further analysis. This is done by going to a new variable β given by
The resulting series has the form
where y n (U, J) can be obtained from the previous series x n (U, J). But this new series still contains singularities at the Hubbard point (λ = 1 or β = 1). Going to a new variable δ defined by
and constructing Padé approximants, we find that only two Moreo [20] .
One can see that our magnetic susceptibility data indicate a dip at U = U c ≈ 4, as shown in the Fig. 4(b) . It suggests that there is a crossover around U m in the behavior of the 2D
Hubbard model at half filling. For U > U c , we can see that magnetic susceptibility (4χ ⊥ ) is almost proportional to U or inversely proportional to the spin superexchange J. This can be taken as evidence that the magnetic state for U > U c for 2D Hubbard model is that of the Heisenberg model. But, for U < U c , magnetic susceptibility (4χ ⊥ ) has a different behavior, and decreases as U increases. This can be interpreted as a weak coupling behavior of the SDW ground state. Thus we obtain a crossover between these types of behavior around
Also, we compare our result with the mean field solutions of uniform magnetic susceptibility [21] :
.
It is plotted in Fig. 4(b) , a solid line. We see that the mean field result is qualitatively correct, but overestimates χ ⊥ , especially at large U.
V. SPIN STIFFNESS OF THE HUBBARD MODEL
The spin stiffness constant ρ s is a measure of the response of the spin system in an ordered phase to a twist of the order parameter. To our knowledge, there are no quantum Monte Carlo estimates for the spin stiffness in the Hubbard model. Derivation and calculation of this quantity for the Hubbard model was discussed by us recently in a short communication [22] . For completeness, we discuss it again here.
If we rotate the ordering direction by a small angle θ along a given direction such as y axis, then the spin stiffness constant ρ s can be defined through the increase of the ground state energy:
This rotation can be carried out by the following transformation applied to the Fermion operators: 
This transformation generates desired spin rotation:
After rotation by a relative angle θ ( that is letting φ change by θ/2 ) between neighboring sites separated along y axis (ŷ denotes unit distance in y direction) , H in Eq.(1) becomes
The "diamagnetic" term H dia is already of order θ 2 so for the calculation of the energy to order θ 2 , it can be replaced by its expectation value in the ground state of the θ = 0
Hamiltonian. We have
where n is a band filling, and L a local moment defined in Eq.(10). We have already obtained E g and L in Sec. III, and n = 1 for half-filling.
The contribution of the "paramagnetic" term H para to the ground state energy in order θ 2 can be obtained by treating it in second order perturbation theory. We have
where E represents energy of the Hamiltonian H λ + H para . The series coefficients p n of ρ para s to 9th order in λ are given in the Table V .
We use the same Padé analysis for ρ We also compare our results with the Hartree-Fock approximation for the spin stiffness [21] :
The spin stiffness given by mean field solution of the gap equation is plotted in Fig. 5 (b) as a solid line. One can see that the mean field approximation overestimates the stiffness at large U. At U = 20, the mean field result is ρ s U = 0.98 compared to 0.73 for the Heisenberg model.
We note that the spin stiffness (filled squares in Fig. 1 ) from the variational Monte
Carlo method with a Gutzwiller-type wave function are even larger than values of the mean field solution [21] . We believe that the large discrepancy is due to the missing spin flip processes in the Gutzwiller variational wave function used in [21] . Their calculations only get contributions to the spin-stiffness beyond the Hartree-Fock result from the "diamagnetic"
term, whereas the "paramagnetic" part of the spin stiffness which contains spin-flip processes does not get corrected. The expectation value of the operator H para between the HartreeFock and Gutzwiller wave functions is zero [23] . This suggests that one might improve the variational Monte Carlo method by adding a spin flip operator O sp into the Gutzwiller-type wave function:
where p is a parameter and
We now turn to the calculation of spin-wave velocity. This can be calculated analytically by adding RPA fluctuations to the SDW state [7] . Designed, at first sight, for intermediate and weak coupling (U/4t ≤ 1) this method also interpolates smoothly to the Heisenberg limit at large U/t.
Alternatively, there is a relationship between the spin stiffness ρ s of the order parameter with respect to a spiral twist, the spin wave velocity v s and the uniform magnetic susceptibility χ ⊥ transverse to the stagged spin density:
It was originally derived by the hydrodynamic theory of Halperin and Hohenberg [24] . The spin wave velocity obtained from this relationship (ρ s = v 
We compare this result with the RPA solution of Schrieffer, Wen and Zhang [7] :
It is plotted in Fig. 6 as a dotted line. We see that the RPA result for the spin wave velocity are lower than our series expansion results.
VI. SUMMARY
To summarize, in this paper we developed series expansions for the half-filled Hubbard model, by introducing an Ising anisotropy into the conventional Hubbard Hamiltonian.
Series were developed for the ground state energy, the local moment, the sublattice magnetization, the uniform magnetic susceptibility and the spin stiffness, and were extrapolted to the Hubbard model using standard series extrapolation methods. In general, our results are in good agreement with the quantum Monte Carlo simulations. There are some quantitative differences, which are also discussed. Our magentic susceptibility data indicate a crossover between SDW antiferromagnetic state at small U and a Heisenberg antiferromagnet at large U at U ≈ 4. We note that our results for ρ s as well as M † are somewhat higher than the known results for the Heisenberg models. We believe this reflects the fact that the series have not converged as well as for the Heisenberg model and hence the reduction in these quantities due to the zero-point spin-wave fluctuations is not fully accounted for. Still, the convergence (∼ 5%) is quite reasonable. 
